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Abstract 
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the specified properties is a continuous symmetry, but for the quantum corrected mani- 
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1 Introduction 



A large class of four dimensional topological field theories can be obtained from the 
topological twist of N=2 supergravity and N=2 matter theories [1-5]. The require- 
ment that the twist should be well defined implies certain additional properties on 
the scalar manifold geometries, besides those imposed by N=2 supersymmetry, in 
order to obtain suitable ghost-number charges and in order that the quaternionic 
vielbein be a Lorentz vector after the twist. The needed properties pertain in par- 
ticular to those scalar manifolds which emerge, at the tree level, in the effective 
theories of compactified superstrings. Specifically they are: 

i) for the vector multiplet special manifold, an i?-symmetry, which is essential 
to redefine the ghost number of the fields after the twist, and which, in the 
quantum case, is in general a discrete symmetry; 

ii) for the hypermultiplet quaternionic manifold, an analogous "Q-symmetry" , 
which permits a consistent redefinition of the Lorentz spin in the classical and 
quantum cases. 

Continuous R-symmetries are common features of the coset manifolds which encode 
the local geometry of tree-level supergravity Lagrangians, emerging as effective 
theories of N=2 heterotic superstrings. The fact that the continuous symmetries 
present in the classical case break to discrete symmetries is suggested, on physical 
grounds, by the need to implement instanton corrections in the effective lagrangian. 
We will often refer to the tree level (classical) theory as to the "microscopic" theory, 
as it is done in paper by Seiberg and Witten, in contrast to the quantum or 
effective "dynamical" theory, where loop and instanton corrections are taken into 
account and only the massless modes are included. 

In this paper we are mainly concerned with the classical case, although we give 
indications of how our results can be generalized to the quantum case. Our main 
result, namely the structure of the instanton conditions that fix the topological 
symmetry, is independent of the detailed form of the theory and simply follows 
from the existence of a discrete or continuous R-symmetry with the properties we 
shall require. Hence the form of these instanton condition is universal and applies 
both to the classical and quantum case. Specifically it turns out that there are four 
equations describing the coupling of four types of instantons: 



Instanton equations of this type have already been discussed in 0, ^, |^, ; the main 
difference is that in 0, |^ the instanton conditions were only the first three of eq.s 



m 



IV 



11 



gravitational instanton 
gauge-instantons 
triholomorphic hyperinstantons 
H-monopoles. 
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in the dilaton-axion sector were missing. In eq. ( |1.2| ) D is the dilaton field and 
H^yp is the curl of the antisymmetric axion tensor B^^^ : d[pBp^j = H^^p. The reason 
why they were missing in |^ is the type of symmetry used there to define the 
ghost number, namely an on-shell i?-duality based on the properties of the so-called 
minimal coupling. The new type of gravitationally extended /^-symmetry that we 
present here is typically stringy in its origin and for the classical moduli-spaces is an 
ordinary off-shell symmetry, which does not mix electric and magnetic states as the 
i?-duality of the minimal case does. In the quantum-corrected effective lagrangians 
i?-symmetry reduces once again to an i?-duality, namely to a discrete group of 
electric-magnetic duality rotations; yet the preferred direction of the dilaton-axion 
field is maintained also in the quantum it is necessary on physical grounds. 

The new version of i?-symmetry discussed here provides the solution to several 
conceptual problems at the same time. 

2 Outline and Philosophy 

Four dimensional Topological Field Theories, which automatically select the ap- 
propriate instanton conditions, are derived by topologically twisting N=2, d=4 
theories [1-5]. These latter include N=2 Yang-Mills theory, N=2 hypermultiplet 
sigma models, N=2 supergravity, or else the coupling of all such models together. 

In this paper we are concerned with the last case and with the special features 
of the topological theory that emerge when the parent N=2 matter coupled super- 
gravity has the structure of a low energy Lagrangian for an N=2 heterotic string 
theory. 

2.1 The geometry of vector multiplet and hypermultiplet 
scalar manifolds 

As it is well known [13-27] the Lagrangian and the transformation rules of N=2 
supergravity are completely determined in terms of the following geometrical data: 

1) The choice of a special Kahler manifold SM. for the vector multiplet scalars 

divof^ SM. = n + 1 vector multiplets. (2.1) 

2) The choice of a quaternionic manifold QM for the hypermultiplet scalars 

1 def 

diniQQTVl = -dim^QA^ = m = # hypermultiplets. (2.2) 

3) The choice of a gauge group Q with: 

dimR^ < n + 1 (2.3) 

that generates special isometries of SAi and should have a triholomorphic action 
on the manifold QAi. 



2 



In this paper, we are concerned with the following choices: 



SM = Sm^' '''''' - ^O'^-" 



QM = HQ{m] 



U{1) S0{2)®S0{n) 
def 50(4, m) 



SO{A)®SO{m) 
g C SO{n) (2.4) 

where ^ is a n-dimensional subgroup of the SO{n) appearing in the first equation 
above, such that: 

adjoint^ = vector 50 (n) . (2.5) 



The structure given by eq. ( |2.4| ) is what one can obtain by certain N=2 trun- 
cations of N=4 matter coupled supergravity which, as it is well known, displays a 
unique coset structure: 

SUil.l) SO(Q,n + m) , , ,^ ^, 

® <,n(a\^\n( 1 \ ^ ^ ® HQ{m). 2.6 
{/(I) dO(6) ® DO(n + m) 

Other types of truncations can give different quaternionic coset manifolds QA4 
\r% , for instance SU{2,m)/ {SU{2) x SU{m)). Theories of type ( p.4[ ) originate. 



in particular cases, as tree-level low energy effective theories of the heterotic su- 
perstring compactified either on a Z2 orbifold of a six-torus T^/Z2 or on smooth 



manifolds of SU{2) holonomy, like T2 ® K3 |jT9|, |2^, else when the superstring 
is compactified on abstract free fermion conformal field theories [30-33] of type 
(2, 2)c=2 © (4, 4)c=6 [Hf. Although in the following we focus on the particular case 
where QAi = HQ[m), our discussion on R-symmetry is in fact concerned with the 
vector multiplet ST{n) and applies also when HQ{m) is replaced by other mani- 
folds. Quantum corrections can change the geometry of ST{n) or HQ{m) in such 
a way that in the loop corrected Lagrangian they are replaced by new manifolds 
ST{n) or HQ{m), which are still respectively special Kahlerian and quaternionic, 
but which can, in principle, deviate from the round shape of coset manifolds. It is 
known that in rigid Yang-Mills theories coupled to matter the hypermultiplet metric 
(which is hyperkahlerian) does not receive quantum corrections neither perturba- 



tively, nor non-perturbatively [^, ^ |3^. The same is true in N=2 supergravity 



theories derived from heterotic string theories: N=2 supersymmetry forbids a dila- 



ton hypermultiplet mixing ^ ^ since the dilaton is the scalar component 
of a vector multiplet. Hence in this case, while the scalar manifold is replaced by 
ST{n), the quaternionic manifold HQ{m) is unmodified. 

The reverse is true (i.e. there are no quantum corrections to the vector multiplet 



metric) for N=2 supergravities derived from type II strings |^ 

Generically continuous isometrics break to discrete ones. This may be a con- 
sequence both of 0{a') corrections due to the finite size of the string (discrete t- 
dualities generated by non-perturbative world-sheet effects) and of non-perturbative 
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quantum effects due to space-time instantons (discrete Peccei Quinn axion symme- 
tries). Furthermore it can either happen that the discrete quantum symmetries are 
just restrictions to special values of the parameters of the classical continuous sym- 
metries or that they are entirely new ones. Usually the first situation occurs when 
the local quantum geometry coincides with the local classical geometry, namely 
when there are no corrections to the moduli space-metric except for global iden- 
tifications of points, while the second situation occurs when not only the global 
moduli geometry, but also the local one is quantum corrected. As we have stressed, 
although ST{n) and HQ{m) may be quite different manifolds from their tree level 
counterparts, they should still possess an R-symmetry or a Q-symmetry so that 
the topological twist may be defined. Let us then discuss, on general grounds, the 
problems related to the twist of matter coupled N=2 supergravity. 



2.2 The topological twist and the problem of ghost numbers 

In his first paper on topological field theories Witten had shown how to de- 
rive a topological reinterpretation of N=2 Yang-Mills theory in four-dimensions by 
redefining the Euclidean Lorentz group: 

SO{A)spin = SU{2)l ® SU{2)n (2.7) 

in the following way: 

^0(4)V„ = SU{2), ® SU{2y^ ; ^f/(2)'^ = diag (^f/(2), ® SU{2)n) (2.8) 

where SU{2)j is the automorphism group of N=2 supersymmetry. In order to 
extend Witten's ideas to the case of an arbitrary N=2 theory including gravity and 
hypermultiplets, four steps, that were clarified in refs. p, ^ , are needed: 

i) Systematic use of the BRST quantization, prior to the twist. 

ii) Identification of a gravitationally extended R-symmetry that can be utilized 
to redefine the ghost-number in the topological twist. 



iii) Further modification of rule ( |2.8| ) for the redefinition of the Lorentz group 
that becomes: 

cn(Ay - qjKoy ^ W^oy \SU{2)'^ = diag(5t/(2), 5f/(2)«) 

^^['^)spin - ® ^^{^)r j 5f;(2)i = diag(5f/(2)Q ® SU{2)l) 

(2.9) 

Here SU{2)q is a group whose action vanishes on all fields except on those 
of the hypermultiplet sector, so that its role was not perceived in Witten's 
original case. 

iv) Redefinition of the supersymmetry ghost field {topological shift). 



4 



Points i) and iv) of the above list do not impose any restriction on the scalar 
manifold geometry, so we do not discuss them further, although we shall use the 
concept of topological shift in later sections. (We refer the reader to 1^, ^ for further 
details). Points ii) and iii), on the other hand have a bearing on the geometry of 
ST{n) and HQ{m) and are our main concerns. 

Topological field theories are cohomological theories of a suitable BRST complex 
and as such they need a suitable ghost number that, together with the form 
degree, defines the double grading of the double elliptic complex. In the topological 
twist, at the same time with the spin redefinition ( p.9|) one has a redefinition of the 
BRST charge and of the ghost number, as follows: 

Q'brst = Qbrst + Qbrst 

(I'gh = Qgh + Qr- (2.10) 

Here Qbrst is the old BRST charge that generates the BRST transformations of 
the N=2 matter coupled supergravity and qgh is the old ghost number associated 
with the BRST complex generated by Qbrst- We discuss now the shifts Qbrst 
and qn, beginning with the former. The whole interest of the topological twist is 
that Qbrst is just a component of the Wick-rotated supersymmetry generators. It 
is defined as follows. 

Writing the N=2 Majorana supercharges in the following bi-spinor notation: 

so that a transformation of spinor parameter xa is generated by: 

X - n = XaAQ''^ + X'^^QaA, (2.12) 

we can perform the decomposition: 

QaA = ^oaQsusy + (c^x e QsusY (2-13) 



and identify Qsusy with the shift of the BRST charge introduced in eq. ( ^.10] ). It 



has spin zero as a BRST charge should have. In eq (p.l3| ) cr^ are the standard Pauli 



matrices and eAB = —^ba, with ei2 = 1. Eq. ( |2.13D makes sense because of the 
twist. Indeed, after SU{2)ji has been redefined as in eq. (p^) the isotopic doublet 
index A labeling the supersymmetry charges becomes an ordinary dotted spinor 
index. 

Let us now come to the discussion of the ghost number shift. 
2.3 i?-symmetry in rigid N=2 theories 

The topological twist of a rigid N=2 supersymmetric Yang-Mills theory yields topo- 
logical Yang-Mills theory, where the fields of the N=2 supermultiplet have the 
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following reinterpretation: 

gauge boson A'^ phys. field qgh = 

left-handed gaugino A""^ top. ghost qgh = 1 

right-handed gaugino A^* top. antighost qgh = —1 

scalar ghost for ghosts qgh = 2 

conjug. scalar antighost for antighosts qgh = —2 (2.14) 

Hence, for consistency, the N=2 Yang-Mills theory should have, prior to the twist, 
a global U{1) symmetry with respect to which the fields have charges identical with 
the ghost numbers they acquire after the twist. In the minimal coupling case such 
a symmetry does indeed exist and it is named R-symmetry (see for example ||41|| ). 

By minimal coupling we mean the situation where the rigid special geometry 
1^, of the scalar manifold is defined by the following generating function of 
quadratic type: 

F(F) = ig\fY^Y' (2.15) 

where the Y^ scalar fields are identified with the rigid special coordinates and gfj 
is the constant Killing metric of the gauge group Q. With such a choice, the Kahler 
metric of the Y-scalar cr-model, = gij*{Y,Y)d^Y^ d^Y'^ defined by: 



giAYj) = didj*IC„g^d{Y,Y) 

= i di dj. (y^ dL*F - Y^* OlF 

= 2lmdidjF{Y) (2.16) 

takes the constant value: 

9IJ* = 9^? (2.17) 

and the kinetic term = ^[M,(F) F^^^ F^^^ - WjjiY) F'^, F'^^] for the 

vectors, whose general definition is provided by: 

Wij{Y) = didjF{Y) (2.18) 

is also of the standard form required for a renormalizable gauge theory: 

^kin°'^ = -9iV {P^iuF^iu + F~iuF~iiy) ■ (2.19) 

Minimal coupling corresponds, in the language of reference 0, to the microscopic 
gauge theory. This theory has a scalar potential of the form: 

v{Y, Y) (X g^jf fLM y"" y' y'^ y"' (2.20) 

where /j^ are the structure constants of the group Q. The scalar potential has flat 
directions, namely it vanishes for arbitrary values of 

{Y} e€ ®n (2.21) 
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Ti, being the Cartan subalgebra of Q. If we denote by the scalar fields in the Ti.- 
subalgebra, then are the moduli of the spontaneously broken gauge theory that 
has TC as unbroken gauge group and the components A'^ of the 7i-connection as 
massless gauge fields. The effective low energy lagrangian for the massless modes is 
no longer a minimally coupled N=2 gauge theory. Indeed its structure is determined 
by a rigid special geometry encoded in a generating function of the following form: 

= igaiBY^'Y^ + (2.22) 

where gap is the Cartan matrix of Q and 5F(y") accounts for the unique one-loop 



correction and for the infinite sum of the instanton corrections . In the topologi- 
cally twisted theory the deviation of the prepotential F{Y) from the quadratic form 
corresponds to perturbing the original minimal topological lagrangian by means of 
all the available topological observables, namely 



u J Mi 



$4,4fc-4(i'fc) = 4-form part of Pfc(F) (2.23) 

where Pk{F) is any invariant polynomial of order k of the gauge Lie algebra (i.e. 
a characteristic class) and where by F we have denoted the ghost-extended field- 
strength according to the standard rules of topological gauge theories in the Baulieu- 
Singer set up [^4|, |], |, From this point of view the vacuum expectation values 
of the ghost fields play the role of ghost-charged topological coupling constants. 
The continuous i?-symmetry group f/(l)_R of the minimally coupled theory is now 
broken, but either a discrete subgroup Gr C U{X)r survives or a new discrete 

R /^quantum i 
-group Gj^ replaces it. 

A similar phenomenon should occur in the gravitational case and this is the 

matter of our study in the sequel. 



2.4 i?-symmetry in local N=2 theories and the moduli spaces 
of gravitational instantons 

This being the situation in the rigid case, it is clear that, when N=2 supersym- 
metry is made local, /^-symmetry should extend to a suitable symmetry of matter 
coupled supergravity. This problem was addressed in ||^, where it was shown that 
the minimally coupled local theory, which is also based on a quadratic generating 
function of the local Special Geometry: 



F ( X°,X" 



a=l 



and which corresponds to the following choice for SAi: 

SU{l,n) 



SM 



U{l)®SU{n) 



(2.24) 



(2.25) 
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possesses an R-duality, namely an extension of _R-symmetry that acts as a duality 
rotation on the graviphoton field strength, 



r p+ab _ id jp+ab 
" grav ^ grav 

SF-av = e-^'F-t (2.26) 

mixing therefore electric and magnetic states. This result enabled the authors of 
1^ to discuss the topological twist in the case where the choice ( ^.25| ) is made. 

In this paper we show that the string inspired choice of eq. ( p.4|) yields another 
form of i?-symmetry that allows the topological twist to be performed also in this 
case. Actually the new form of /^-symmetry displays a new important feature that 
leads to the solution of a problem left open in the previous case. 

In the case ( |2.25|) all the vector fields, except the graviphoton, are physical since 
they have zero i?-charge and hence zero ghost number after the twist. On the 
contrary, in this case, all the vector multiplet scalar fields are ghost charged and 
hence unphysical. The limit of pure topological gravity is obtained by setting n = 
in eq. (|2.25|) . This definition of 4D topological gravity P] is correct but has one 
disadvantage that we briefiy summarize. The topological observables of the theory 

L = TV (fl A ii A . . . A ii) (2^27) 

(where C2 is a two cycle) have a ghost number which is always even being ob- 
tained from the trace of the product of an even number of (extended) curvature 
2-forms (that this number should be even is a consequence of the self-duality of 
j^ab instanton backgrounds). On the other hand the moduli space of a typical 
gravitational instanton (an ALE manifold) has a moduli space with dimensionality 



12, 46, 47, 48, 49 



dim(^ MmoduiiiALE) = 3r (2.28) 

r being the Hirzebruch signature. It appears therefore difficult to saturate the sum 
rule 

n 

Y^gh' = ?>T (2.29) 

needed for the non-vanishing of an n-point topological correlator of local observ- 
ables. Notice, however, that it is possible to find nontrivial topological correlation 
functions, satisfying the selection rule ( |2.29| ), between non local observables of the 
form /^^ $(i,4n-i) for the topological gravity with the Eguchi-Hanson instanton |l50[| . 

The origin of this problem is fairly evident to the string theorist and in particular 
to the string theorist who has experience with Calabi-Yau compactifications. Let 
us see why. The number 3r emerges as the number of deformations of the self-dual 
metrics on the ALE-manifold. To each self-dual harmonic 2-form one attaches a 
complex parameter (and hence 2 real parameters) for the deformations of the com- 
plex structure and a real parameter for the deformations of the Kahler structure. 
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which sum to three parameters times the Hirzebruch signature. This counting, ap- 
propriate to pure gravity, is incomplete in the effective theory of superstrings where 
one has also the axion and the dilaton, besides the metric. An additional real mod- 
ulus is associated with each selfdual 2-form for the deformations of the axion. This 
parameter can be used to complexify the complex structure deformations making 
the total dimension of moduli space 4r rather than 3r. Hence a sound 4-dimensional 
topological gravity should include also the dilaton and the axion, as suggested by 
the superstring. In the N=2 case these two fields are combined together into the 
complex field S, which is just the scalar field of an additional vector multiplet. 
Therefore we would like a situation where of the n + 1 vector multiplets coupled to 
supergravity, n have the ghost numbers displayed in eq. ( p. 141) , while one behaves 
in the reversed manner, namely: 

gauge boson ghost, for ghost qgh = 2 

left-handed gaugino A'^'^ top. antighost Qgh = —1 

right-handed gaugino A^* — > top. ghost qgh = 1 

scalar S phys. field qgh = 

conjug. scalar S phys. field qgh = 0. (2.30) 

This phenomenon is precisely what takes place in the new form of -R-duality, which 
is actually an i?-symmetry, which applies to the classical manifold ST{n). 

The proof of this statement is one of the main points of the present paper. 

In the quantum case we should require that the same i?-charge assignments 
( |2.14| ) and ( |2.30| ) holds true. For this to be true it suffices, as stressed in the 



introduction, that only a (suitable) discrete R-symmetry survives. 



2.5 Gravi— Matter Coupled Instantons 

Provided the above restrictions on the scalar manifolds are implemented one can 
describe in general terms the coupled matter, gauge and gravitational instantons 
that arise from the topological twist by means of the following equations: 






0. (2.31) 

In the above equations i?"*^* is the antiselfdual part of the Riemann curvature 2- 
form (a, b are indices in the tangent of the space time manifold), " denotes the 



u=l 

daD - eabcde^H 
n 3 



D Tjbcd 



■ a ab 



u=l 
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pull-back, via a gauged-triholomorphic map: 



q : Mspace-time — > HQ{m) (2.32) 

of the "gauged" 2-forms f2" " corresponding to one of the two quaternionic struc- 
tures of HQ{m) (see appendices A and C)[]. V~'^ are the corresponding momentum 
map functions for the triholomorphic action of the gauge group Q on HQ{m). Fur- 
thermore is nothing else but a basis of anti-self dual matrices in IR^. The second 
of equations ( p.31j ) describes the H-monopole or axion-dilaton instanton first con- 



sidered by Rey in and subsequently identified with the Regge-D'Auria torsion 
instantons and also with the semi-wormholes of Callan et al |10] according to 



the analysis of |T2[ . In the Rey formulation, that is the one appearing here, the H- 
monopoles have vanishing stress-energy tensor, so that they do not interfere with 
the gravitational instanton conditions. The last of eq.s ( |2.31D is the condition of tri- 
holomorphicity of the map ( p.32| ) rewritten with covariant rather than with ordinary 
derivatives. Such triholomorphic maps are the four-dimensional cr-model instan- 
tons, or hyperinstantons [|, |^. Finally, in the same way as the first of eq.s ( p.31|) is 
the deformation of the gravitational instanton equation due to the presence of hy- 
perinstantons, the third expresses the modification of Yang-Mills instantons due to 
the same cause. The space-time metric is no longer self-dual yet the antiself-dual 
part of the curvature is just expressed in terms of the hyperinstanton quaternionic 
forms. The same happens to the antiself-dual part of the Yang-Mills field strength. 
Deleting the first three of eq.s ( ^.31| ) due the gravitational interactions one ob- 
tains the appropriate generalization to any gauge-group and to any matter sector 
of the so called monopole-equations considered by Witten in [0. That such equa- 
tions were essentially contained in the yield of the topological twist, as analysed 
in 0], was already pointed out in 0. The main novelty here is the role played by 
the dilaton-axion sector that, as already emphasized, should allow the calculation 
of non-vanishing topological correlators between local observables as intersection 
numbers in a moduli-space that has now an overall complex structure. 



2.6 Topological gauge fixing as supersymmetric 
backgrounds 

To find supersymmetric backgrounds of a supersymmetric theory, one usually looks 
for solutions of the eq.s: 

SsusYi^ = (2.33) 

where is any fermion of the theory. In a generic N = 2 theory which includes 
the dilaton there are four types of fermion, namely the gravitino, the dilatino, the 
gauginos and the hyperinos. Correspondingly there are four sets of differential 
equations to be satisfied by the bosonic backgrounds. In euclidean signature there 

^Notice that the instanton equation have the same expression also in the quantum case 
ST{ri),HQ{7n) 
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exist non trivial solutions that preserve at most half of the supersymmetries, namely 
those with supersymmetry parameter of a given chirality. A set of solutions of these 
equations is obtained precisely by solving eq.s ( |2.31 ). The reason for this is that the 
instanton conditions ( p.31| ) are the BRST- variations of the topological antighosts 
which in the untwisted version of the theory coincide with the supersymmetry 
variations of the fermions of a given chirality. The only difference is that in eq.s 
( p. 311) , in addition to the fermions we have set to zero also those bosonic fields that 
have non-zero ghost number, namely Y", A^, A^. 



3 Special geometry of the ST(n) manifolds 



In this section we recall some general properties of special Kahler manifolds |T^, 
|T3|, ^ ^ ^ then we focus on the manifolds ST{n) listed in eq. (g^). 

Special geometry is the natural geometric structure which arises in the coupling 
of N=2 four dimensional supergravity to vector multiplets. In particular, when 
N=2 supergravity is regarded as an effective theory for the massless modes of the 
compactified heterotic string, the vector multiplets have a well defined structure. 
Fixing their number to be n + 1 we have that n of them contain the ordinary gauge 
vectors: 

{A^,y^,X%Yn, a = l,...,n (3.1) 



and one: 



contains the dilaton-axion field: 



{A',\'^,\lS) (3.2) 



S = A + ie^ 

1^1 vl^l 



In eq.s ( ^.1] ) and ( ^.2] ) A denotes the gauge connection 1-form, and denote the 
left-handed and the right-handed parts of the gauginos (75A^ = A^, 'J^Xa = — A^) 
and {S, y") are the complex scalar fields of the corresponding multiplets. The N=2 
supersymmetry imposes specific constraints on the manifold spanned by the scalar 
fields. This manifold must be a Hodge-Kahler manifold of restricted type, namely 



a special Kahler manifold |T3|, 

In a generic n + 1-dimensional special Kahler manifold, the Kahler two form can 
be expressed by the formula 

K = ^dd log \\W{S,Y)\\^ = -^ddlog\\Q\\^ (3.4) 
zn zn 

where W{S, Y) is a holomorphic section of the Hodge line bundle Ch — * SA4 and 

fi=(X^FA) (3.5) 
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is a holomorphic section of Cjj x SV, where SV ^ SAi is a flat, rank 2n + 4- vector 
bundle, with SP{2n + 4, IR) structural group. This amounts to say that the Kahler 
potential /C has the following expression: 



/C = — lo£ 



-i(X,F) 




(3.6) 



The symplectic index A runs over n + 2 values, and in the cases related to string 
compactifications it has the following labels: {0, S", a} (a = 1, . . . n), the index zero 
being associated to the gravitational multiplet. 

In many bases, but not necessarily in all bases, the symplectic section ( p.5|) can 
be chosen in such a way that 

- (3-7) 

where F[X) is a degree two homogeneous function of the coordinates, named 
the prepotential. 

Eq.s (|3.4|) and ( p.6|) implies that the Riemann tensor for a generic special man- 
ifold satisfies the following identity : 

Rij'ik* = gipQik* + Qik'Qij* — CiipCj*k*p*g^^ (3.8) 

where Cijk = e'^Wijk are suitable sections of Cjj x [T^^'^^SM.]^. These sections have 
a double physical interpretation. In the N=2 effective lagrangians they play the role 
of fermionic anomalous magnetic moments , while, in the associated N=l theories 
(obtained from the N=2 ones via the /i-map |^T], 0), they can be interpreted 
as Yukawa couplings. 

The elements of the symplectic structural group S'P(2n + 4, IR), namely matrices 
with the following block structure 

A^C - C^A = 

B^D - D^B = (3.9) 
A^D - C^B = 1 

induce coordinate transformations on the scalar manifold while acting, at the same 
time, as duality rotations on the symplectic vector of electric and magnetic field 
strengths Fl: 

6/1 

{^ah'^GU where GXafe = -It:^, (3-10) 

"^-^ ab 

In the case the scalar manifold SM. admits a continuous or discrete isometry group 
Giso, this group must be suitably embedded into the duality group SP{2n + 4, IR) 




The Tab are the components along the space-time vierbeins of the field- strength T and .F^ 
their (anti)selfdual projections. The (anti)selfdual parts satisfy eabcd^^'^'^ = i2ijr^ and are 

defined by T^"'' = i (^T"'' ± T"''^ where T"'' = -^e'''""^Tcd is the dual tensor. 
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and the corresponding duality rotations, induced by the embedding, leave form 
invariant the system of Bianchi identities plus equation of motion . 

In this paper we are mainly concerned with the case SAi = ST{n), and, in the 
sequel, we focus our attention to its particular properties. 

The special Kahler manifold ST{n) has been studied using different parametriza- 
tions, corresponding to different embeddings of the isometry group SL{2,'\R) x 
S0{2,n) into the symplectic group SP{2n + 4,]R). The first studied parametriza- 
tion was based on a cubic type prepotential F{X) = -^X^X^X^rj^t, where rjrt is 
the constant diagonal metric with signature (+, —,...,—) in a ra-dimensional space 



T5[] . In this parametrization only an SO{n — 1) subgroup of S0{2,n) is linearly 
realized and it is possible to gauge only up to n — 1 vector multiplets. This means 
that, of the n ordinary gauge vectors sitting in the n vector multiplets, only n — 1 
can be gauged. 

From a string compactification point of view one does not expect this restriction: 
it should be possible to gauge all the n vector multiplets containing the ordinary 
gauge vectors A". This restriction motivated the search for a second parametriza- 
tion, where the SO{n) subgroup is linearly realized. This parametrization is based 



on the "square root" prepotential F{X) = J{X^ + X^)X''X'' [|6 



However, in principle, it should be possible to find a linear realization of the 
full S0{2,n) group, as it is predicted by the tree level string symmetries. In this 
case one can also gauge the graviphoton and the gauge field associated to the 



dilaton multiplet. This is explicitly realized in a recent work B^, where the new 
parametrization of the symplectic section is based on the following embedding of 
the isometry group S0{2, n) x SL{2, IR) into SP{2n + 4, IR). 

AeS0(2,n) ^ Q ^ G5p(2n + 4,1R) 

(3.11) 

where A^rjA = rj. Notice that, in this embedding, the S0{2,n) transformations, 
when acting on the section (J^^^, G^ab)' '^i^ with the G's. Thus the 

true duality transformations mixing the equations of motion and Bianchi identities 
are generated by the embedding of the SU (1, 1) factor only, so that the field S, that 
in our case parametrizes the coset SU{1, 1)/U{1), plays a very different role from 
the fields. 

The explicit form of the symplectic section corresponding to the embedding of 
eq. ( CT is: 
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I 1/2(1 + F2) 

i/2(i 



(3.12) 



In eq. ( p.l2|) are the Calabi-Visentini coordinates, parametrizing the coset man- 
ifold S0{2,n) I S0{2) X SO{n). The pseudoorthogonal metric r^As has the signature 
(+,+,-,...,-). 

Notice that, with the choice ( p.l2| ), it is not possible to describe Fa as derivari- 
vatives of any prepotential. The Kahler potential for ST{n) is obtained inserting 
in eq. (3^) the explicit form of the section ( 3.12 ), namely: 



/C = /Ci (5, S) + /C2(F, Y) = - log i{S-S)- log X 7]X. 



(3.13) 



From eq. ( |3.13|) it easy to see that the Kahler metric has the following block diagonal 
structure: 



9ss 

gap* 



-1 



9ss - ds^ICi -~ 



(3.14) 



The explicit expression of g^'piXi Y) is not particularly relevant for our purposes. 
In the sequel, while discussing the instanton conditions, we will be interested only 
in its value at F = (F = 0): 



gap-*{Y = Q) = 25, 



al3* 



(3.15) 



The connection one form Q of the line bundle Lh is expressed in terms of the Kahler 
potential as 

(3.16) 



g(l,0) _^ g{0,l) _ -[dslCdS + 9«/Cdy"] + C.C. 



The explicit value of Q^^'^^ at F = is 



Q(i.o)(F = 0) 



1 dS 



2S-S 



(3.17) 



The anomalous magnetic moments- Yukawa couplings sections Cijk {i = S, a) have 
a very simple expression in the chosen coordinates: 



C 



Sap 



(3.18) 



all the other components being zero. 

In a general N=2 supergravity coupled to vector multiplets the lagrangian for 
the vector bosons has a structure generalizing the rigid expression, namely 



2i 

1 



{\mNK,,r^,rl - iReArAs^il^+^^ 



(3.19) 
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The general form of the matrix A/as in the cases in which the prepotential F exists 
is given in [0, [l^, ^ . Its further generahzation, including also the cases where F 
does not exists, has been found in pH|. In our specific case, A/ae is given by: 



AS 



[b - b) h or/AS 



— T 

X r]X 



In particular we have that Re A/ae = ReSr^As = 
only non-zero components of IuiA/'q,^ are given by 



(3.20) 

Arj/^Y;- Moreover, at F = 0, the 



lmJ\fai3{Y = 0) = lmS6ai3 = expD6ai3. 



(3.21) 



Thus at y = the kinetic term for the ordinary gauge vectors A" reduces to 
^^J^ab^ab^ wherc we have explicitly taken into account the gauge coupling depen- 
dence, via the usual redefinition A" — >■ ^A". This means that we can reinterpret 
ges 



/imS 



as the effective gauge coupling. 



4 R-symmetry in N=2 Supergravity 

In this section we give the general definition of gravitationally extended i?-symmetry. 
Such a definition in the continuous case pertains to the ST{n), but in the discrete 
case can be applied to much more general manifolds. Furthermore it happens that 
in the classical ST{n) case the continuous R-symmetry is an off-shell symmetry 
of the action while in the quantum ST{n) case the discrete R-symmetry acts in 
general as an electric-magnetic duality rotation of the type of S-duality. As stated 
in section |2.4|, the i?-symmetry of rigid N=2 gauge theories should have a natural 



extension to the gravitationally coupled case. In principle, given a rigid supersym- 
metric theory, it is always possible to define its coupling to supergravity, yielding 
a locally supersymmetric theory. This does not mean that, starting with a com- 
plicated "dynamical" N=2 (or N=l) lagrangian, it is an easy task to define its 
gravitational extension. So we need some guidelines to relate the R-symmetry of a 
rigid theory to the R-symmetry of a corresponding locally supersymmetric theory. 
The main points to have in mind are the following ones: 

• The R-symmetry group Gr, whether continuous or discrete, must act on the 
symplectic sections {X, dF) by means of symplectic matrices: 

ygeGR ^ (^[^\ erRGSP{A + 2n,]R). (4.1) 



\Cig) Dig) 

The fields of the theory must have under Gr well defined charges, so that Gr 
is either a Ur{1) group if continuous or a cyclic group Zp if discrete. 

By definition the left-handed and right-handed gravitinos must have R- 
charges g = ±1, respectively 
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• Under the Gr action there must be, in the special manifold, a preferred di- 
rection corresponding to the dilaton-axion multiplet whose R-charges are 
reversed with respect to those of all the other multiplets. As emphasized, this 
is necessary, in order for the topological twist to leave the axion-dilaton field 
physical in the topological theory, contrary to the other scalar partners of the 
vectors that become ghosts for the ghosts 

The last point of the above list is an independent assumption from the previous 
three. In order to define a topological twist, the first three properties are sufficient 
and are guaranteed by N=2 supersymmetry any time the special manifold admits 
a symplectic isometry whose associated Kahler rescaling factor is f2-&{z) = e^'^ (see 
below for more details). The third property characterizes the R-symmetry (or R- 
duality) of those N=2 supergravities that have an axion-dilaton vector multiplet. 

For the classical coset manifolds ST{n) the appropriate R-symmetry is contin- 
uous and it is easily singled out: it is the S0{2) ~ U{1) subgroup of the isotropy 
group 5*0(2) X SO{n) C SO {2, n). The coordinates that diagonalize the R-charges 
are precisely the Calabi-Visentini coordinates discussed in the previous section. In 
the flat limit they can be identified with the special coordinates of rigid special 
geometry. Hence such gravitational R-symmetry is, as required, the supergravity 
counterpart of the R-symmetry considered in the rigid theories. Due to the direct 
product structure of this classical manifold the preferred direction corresponding to 
the dilaton-axion field is explicitly singled out in the SU{1, 1)/U{1) factor . 

Generically, in the quantum case, the R-symmetry group Gr is discrete. Its 
action on the quantum counterpart of the Calabi-Visentini coordinates Y°' must 
approach the action of a discrete subgroup of the classical U{l)Rm the same asymp- 
totic region where the local geometry of the quantum manifold ST{n) approaches 
that of ST{n). This is the large radius limit if we think of ST{n) as of the moduli- 
space of some dynamical Calabi-Yau threefold. To this effect recall that special 
Kahler geometry is the moduli-space geometry of Calabi-Yau threefolds and we 
can generically assume that any special manifold SAi corresponds to some suitable 
threefold. Although the Gr group is, in this sense, a subgroup of the classical Ur{1) 
group, yet we should not expect that it is realized by a subgroup of the symplec- 
tic matrices that realize U{1)r in the classical case. The different structure of the 
symplectic R-matrices is precisely what allows a dramatically different form of the 
special metric in the quantum and classical case. The need for this difference can be 
perceived a priori from the request that the quantum R-symmetry matrix should 
be symplectic integer valued. As we are going to see this is possible only for Z4 
subgroups of U{1)r in the original symplectic embedding. Hence the different Zp 
R-symmetries appearing in rigid quantum theories should have different symplectic 
embeddings in the gravitational case. 

Let us now give the general properties of the gravitationally extended i?-sym- 
metry, postponing to section [4.2| the treatment of the specific case ST{n). 
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4.1 The general form of R-symmetry in supergravity 

R-symmetry is either a U{1) symmetry or a discrete symmetry. Thus, if R- 
symmetry acts diagonally with charge qn on a field 0, this means that (p — > e'^^^^(f), 
■i? G [0, 2tt] in the continuous case. In the discrete case only the values ^ = ^l, 
I = 0,1 . . .p — 1 are allowed and in particular the generator of the Zp group acts as 
(f)^ R(f) = e"^^^. 

By definition /^-symmetry acts diagonally with charge +1 (—1) on the left- 
(right)-handed gravitinos (in the same way as it acts on the supersymmetry param- 
eters in the rigid case): 

i?-symmetry generates isometrics — > {R2&zy f\ of the scalar metric gij* and it is 
embedded into Sp{2n + 4, IR) by means of a symplectic matrix: 



M,,= { "^-^ 7 G 5p(2n + 4,lR). (4.3) 




As we have already pointed out it turns out that in the classical case of ST{n) 
manifolds R-symmetry does not mix the Bianchi identities with the field equations 
since the matrix ( |4.1| ) happens to be block diagonal: 620 = C2e- In the quantum 
case, instead, this is in general not true. There is a symplectic action on the section 
(X^,Fa) induced by {Ewzf: 

{X,F)^f24z'^)M2^-{X,F) (4.4) 

where the Kahler compensating factor f2-d{z^) depends in general both on the trans- 
formation parameter and on the base-point z. By definition this compensat- 
ing factor is the same that appears in the transformation of the gravitino field 
ipA exp[/2^(z*)/2] Since we have imposed that the transformation of the 
gravitino field should be as in ( |4.2|) it follows that the R-symmetry transforma- 
tion must be such as to satisfy eq.( [4.4| ) with a suitable matrix ( |4.3| ) and with a 
compensating Kahler factor of the following specific form: 

/2.(^0 = e'""- (4.5) 

Condition ( |4.5| ) is a crucial constraint on the form of i?-symmetry. 

The action of the R-symmetry on the matrix A/" is determined by the form of the 

matrix (see p6| ): 



Af ^ (C2^ + d2^Af){a2^ + h2i}U)-^ (4.6) 



■^As in the rigid case, the action of the i?-symnietry group on the gravitinos, and more generaUy 
on the fermions, doubly covers its action on the bosonic fields. This property will become evident 



in eq. (O); it explains the chosen notation {M2i))\ for the matrix expressing the i?-action on the 



tangent bundle T^^^^'^SM. 
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The supersymmetry transformation rules are encoded in the rheonomic parametri- 
zations of the curvatures, summarized in Appendix C. For instance the supersym- 
metry transformations of the scalar fields are given by 



-lA 



Let us denote by J the Jacobian matrix of the transformations 



A eA- 



2'd]l 



(4.7) 



(4i 



If we now act on the scalars z^ by an R-transformation we conclude that, using eq.s 

(I3,PD 



Vz' 



2i))jVz^ 



X 



lA 



(4.9) 



Analogous considerations can be done for the hyperinos (cfr. eq. ( p.l3| )). 
• The supersymmetry transformation of the gravitino field are encoded in eq.s 
( ICnel , [CT7| , |C]2|, p:^ ) and in their gauged counterparts (|U:i6| , fJ^ ). Requiring 
consistency with eq. ( [4.2|) determines the i?-charges of the various terms in the 
right hand side. 

i) The terms like A^^i^ that contain bilinear in the fermions are neutral (cfr. eq.s 

a) The R-symmetry acts diagonally on terms T^. These terms must have charge 
qR{T^) = ±2. Notice that can be expressed by the following symplectic invari- 
ants (see eq. (|C.35D ) 



T-,cxef(X^FA) 



(4.10) 



where 



ab — ^ab~~^ i* f^*^AlabX^B^'^^ ■ Under an R transformation the sym- 
plectic product appearing in eq. ( |4.10| ) is left invariant up to the overall (antiholo- 
morphic) factor coming from eq. ([4.4|) , namely 



T. 



ab 



fl'di^^ )'^ab- 



(4.11) 



Since the R-symmetry act diagonally on T^^ and quiT^^) = —2, we necessarily have 

(4.12) 



rp- 2\-drp- 



Eq.s ( |4.11|) and ( |4.12| ) are consistent with eq. 
• Let us consider the supersymmetry transformations of the gauginos, encoded in 
eq.s ( |C.27| , |C28| ) [and their gauged counterpart ( p.50| , [Cl5TD ]. We impose that the 
Jacobian matrix is covariantly constant, V(J2,?)j = 0. It then follows that the 
curvature VA*^ transforms as A*"^, that is as in eq. ( [4.91 ). We can in this way 
verify that the R transformations of (and its complex conjugate) transform 
consistently with the gaugino transformation. 
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The terms y^B proportional to the Yukawa couphngs Cijk- These latter can 
be written in terms of a symplectic product: 

a,k = {f^,K)■V,(^ ) (4.13) 
(//^,M=e'=/2V.(X^FA). 
Their /^-transformation is therefore^: 

Utilizing eq. (^4.14|) in eq. ( |C.28|) one can check that the transformation of y^^B ~ 



g^'-'CjimX X^^eAc^BD is consistent with the transformation of the left hand side. 

As can be easily verified, all the terms due to the gauging of the compos- 
ite connections transform in the correct way to ensure the consistency of the R- 
transformations [see eq.s (|C.45| - |Cr5^) ]. 



• Summarizing: 

The i?-symmetry must act holomorphically on the scalar fields, (-R219 ^Yiz)-, 
being an isometry. Moreover the matrix (</2i?)j- has to be covariantly constant: 
V( J2i9)j = 0. The /^-transformation of parameter d on the scalar fields must induce 
the transformation (X, F) e^"'M2^(X, F), where is of the form (|4.3|) . In the 
topological twist, the ghost numbers are redefined as in eq. ( |2.1(]| ) by adding the 
i?-charges. 

• The dilaton-axion direction in the discrete case: 

In the classical case of the ST{n) manifolds the existence of a preferred direction 
is obvious from the definition of the manifolds and R-symmetry singles it out in 
the way discussed in the next section. Let us see how the dilaton-axion direction 
can be singled out by the discrete R-symmetry of the quantum manifolds ST{n). 
Let Gr = 2p and let a = e^'^^l^ be a p-th root of the unity. In the space of the 
scalar fields z^ there always will be a coordinate basis (z = 1, . . . n + 1) that 
diagonalizes the action of R2-d so that: 

R^fjU^ = a'^'u' Qi = 0,1, . . . ,p - Imodp (4.15) 

The n + 1 integers qi (defined modulo p) are the R-symmetry charges of the scalar 
fields Ui. At the same time a generic Sp{4 + 2n, IR) matrix has eigenvalues: 

( Ao, Ai, . . . , A„+i, ^, ^, . . . , (4.16) 

\ ^0 ^1 ^n+l / 



The R-symmetry symplectic matrix of eq. ( ^4.3| ), being the generator of a cyclic 
group Zp, has eigenvalues: 

Ao = a^°, A i = a^S . . . , A„+i = (4.17) 

^Indeed the section {fi,h^) transforms into e^'"^ M2i){{J2^)l fu{J:^^)lhi). Then eq. ( [4.1^ 
foUows. Notice that this transformations is the appropriate one for a section of x [t(1'0)jSA4]'^, 
that is the correct interpretation of the Cafe's. 
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where (fco, ^i, • • • ^n+i) is a new set of n + 2 integers defined modulo p. These 
numbers are the R-symmetry charges of the electric-magnetic field strengths 

^llu + i G^^, F^^ + i G^^, . . . + i , (4.18) 



their negatives, as follows eq. ( [4.16|) , being the charges of the complex conjugate 
combinations F^i, — iG^jy. Since what is really relevant in the topological twist are 
the differences of ghost numbers (not their absolute values), the interpretation of 
the scalars (i = 1,. . . ,n) as ghost for ghosts and of the corresponding vector 
fields as physical gauge fields requires that 

Qi = ki + 2 i = l,...,n (4.19) 

On the other hand, if the vector partner of the axion-dilaton field has to be a ghost 
for ghosts, the S-field itself being physical, we must have: 

kn+l = Qn+l + 2 (4.20) 

In eq. (^4.20 ) we have conventionally identified 

S = (4.21) 

Finally the R-symmetry charge of the last vector field-strength Fj^^ is determined 
by the already established transformation eq. (|4.12| ) of the graviphoton combination 

Summarizing, this situation is similar to that occurring in the topological Landau- 
Ginzburg models where the physical scalar fields X* have a non-zero R- 



symmetry charge equal to their homogeneity weight ||5^ , |45[| in the superpotential 
W(X). After topological twist they acquire a non zero (fractional) ghost-number 
that however differs from the ghost-number of the fermions by the correct integer 
amount. 



4.2 i?— symmetry in the ST{n) case 

In the case of the microscopic lagrangian the special Kahler manifold of the scalars 
is a ST{n) manifold. The action of i?-symmetry is extremely simple. As already 

^ [Note added in proofs] 

In an explicit example is provided of quantum R-symmetry based on the local N=2 SU{2) 
gauge theory associated with the Calabi-Yau manifold T/FCP4(8; 2, 2, 2, 1, 1) of Hodge numbers 
(/ill — 2, h2i = 86) that has been considered by Vafa and Kachru in as an example of 
heterotic/type II duality. 

^ [Note added in proofs] In a very recent paper |l6^ it has been proposed a new interpreta- 
tion of the D=2 topological Landau-Ginzburg models, based on BRST, anti-BRST symmetry 
where, notwithstanding the fractional R-charges, the ghost numbers become integer. It would be 
interesting to inquiry whether such analysis can be extended to the case of D=4 vector multiplets 



20 



stated in section 2, see eq. ( p.30| ), the S field has to be neutral, while the fields 
have i?- charge 2: 



S ^ S 



2i? J 









-,2ii? 



69. 



(4.22) 



Using the factorized form eq. ( p.l4|) of the metric, it is immediate to check that the 
matrix is covariantly constant. 

Utilizing the exphcit form eq. ( p.l2|) of the symplectic section, eq. ( [4.22| ) induces 
the transformation: 




,2ii? 




(m 





2i?J 




I COS 2d — sin 2d 
sin 2'd cos 2d 

V 




(4.23) 



G S0{2,n) 



We see that the crucial condition ( |4.5| ) is met. Furthermore note that in this classical 
case 621? = C2tf = 0, the matrix ( ^4.3| ) is completely diagonal and it has the required 
eigenvalues (e'^, e~'^, !,...,!). 

At this point we need no more checks; the i?-symmetry defined by eq. ( |4.22| ) 
is a true symmetry of the lagrangian and satisfies all the expected properties. The 
gauge fields A"" do not transform, while the A^, A^ gauge fields undergo an S0{2) 
rotation: 

( A^ \ ( cos2d -sm2d \ ( A^ \ 

\A^ ) ^ \sin2'd cos2d / V / ^^24) 



A' 



Notice that from eq.s ( [4.23| ), ( [4.24| ) and from the explicit form of the embedding 
( |3.11|) we easily check that the R-symmetry for the ST{n) case is nothing else but 
the 5*0(2) ~ U{1) subgroup of the isometrics appearing in the denominator of the 
coset SO{2,n)/SO{2) x SO{n). 

At the quantum level the /^-symmetries should act on the symplectic sections 
as a symplectic matrix belonging to Sp{2n + 4, Z). Consider then the intersection 
of the continuous R symmetry of eq.s ( |4.22| , [4.2^ ) with Sp{2n + 4, Z): the result is 
a 24 R-symmetry generated by the matrix M2.0 with d = tt /A, where: 



m 



7r/2 









G 50(2, n; Z) 



(4.25) 



As already observed, in a generic case, after the quantum corrections are imple- 
mented, the discrete R-symmetry Zp is a subgroup of U{1)r as far as the action 
on the moduli at large values is concerned, but it is implemented by S'p(4 + 2n, Z) 
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Table 1: Spin-R charges assignments 
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matrices that are not the restriction to discrete value of theta of the matrix 
defined in eq.s (|4.23| ). In the one modulus case where, according to the analysis by 
Seiberg-Witten the rigid R-symmetry is Z4, there is the possibility of maintaining 
the classical form of the matrix M2.0 also at the quantum level and in the case of 
local supersymmetry. This seems to be a peculiarity of the one-modulus N=2 gauge 
theory. 

To conclude, in table 1 we give the i?-symmetry charge assignments for the 
fundamental fields of the ST{n) case together with the spin and R-symmetry as- 
signments for the hyperini and for quaternionic vielbein u, which will be properly 
defined in appendix A. Notice that in this table, concerning the quaternionic sector, 
we have explicitly splitted the 50(4) index a (see appendix A for details) into the 
SU{2)j X SU{2)q indices (A, A) so that u"* = u^-^ *. This splitting is fundamental, 
in order to redefine correctly the Lorentz group for the twist, so that, after the twist 
prescription is performed, the quaternionic vielbein become a Lorentz vector. This 
is consistent with the fact that u appear in the topological variation of C"^*, which 
acquires spin 1 after the twist. But we are going to analyse these problems in the 
following section. 
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5 The twist procedure 



In this section we perform the topological twist-shift, following the four steps 
pointed out in the introduction. 

Step i) is explicitly done following the procedure indicated in [|^, ^ ^. We 
extend the forms to ghost-forms, and we set 

d = d + s (5.1) 

then we read the BRST variation of each field from the rheonomic parametriza- 
tion displayed in Appendix C, selecting out the terms with the appropriate ghost 
numbers. This step is a purely algorithmic one, and we do not find convenient to 
write it in a fully extended form. A simplified example of this calculation will be 
presented analyzing step iii) and iv) of the twist-shift procedure, when we consider 
the variations of the (topological) antighosts. These variations are the only one we 
are ultimately interested, since they give the "instanton" conditions of our topo- 
logical field theory. The second step is immediate. We have analyzed in section 4 
the gravitational extended R-symmetry associated with all the fields of our model. 
This global symmetry is utilized to redefine the ghost number according to equation 



Let us now consider with more detail steps iii) and iv). The twist is obtained 
by redefining the Lorentz group as in eq.s ( |2.8|j2.9| ). The spin assignments of the 



fundamental fields of our theory is resumed in table 1. Following the notations of 
references we classify each field, before the twist, by the expression ^(L, R, I, QYj-, 
where (L, R, I, Q) are the representation labels for {SU{2)l, SU{2)r, SU{2)i, SU{2)q) 
r is the R-charge assignments and /, g denote the ghost number and the form de- 
gree. The twist procedure is summarized as follows: 

SU{2)l ^ SU{2y^ = diag[SU{2)L®SU{2)Q] 
SU{2)r ^ SU{2)'j, = <li^g[SU{2)R®SU{2)i] 
U{1), f/(l); = diag[f/(l)3®f/(l)^,] 



\L,R,I,Qyr ^ (L®g,/®i?)f. (5.2) 



The second fundamental ingredient is the topological shift. As anticipated in section 
2.2 this is a shift by a constant of the (0, 0)o-field coming by applying the twist 
algorithm to the right handed components of the supersymmetry ghost. Let us 
denote this ghost by c^, with spinorial components c""^. As it is immediately 
verified has the following quantum numbers, before the twist: 

-^(0,1/2,1/2,0)1. (5.3) 

According to the prescription ( |5.2| ) we identify the SU (2)/? index a with the SU (2)/ 
index A, and we perform the shift by writing 

c"^ ^ -'-ee"^ + c''^. (5.4) 
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In eq. ( |5.4| ), e is the "broker". The broker, as introduced in ref. 0, is a zero- 



form with fermion number one and ghost number one. It is a formal object which 
rearranges the form number, ghost number and statistic in the correct way and it 
appears only in the intermediate steps of the twist, has even fermion number 
and even ghost number, and can be normalized to = 1. 

The BRST quantized topological field theory is thus defined by the new set of 
fields, obtained from the untwisted ones by changing the spins and the ghost num- 
bers; and by the shifted BRST charge, which is the sum of the old one plus the 
shifted component of the supersymmetry charge. In our approach we are not inter- 
ested in writing down all the twisted-shifted variation. We just point our attention 
to the variations of the (topological) antighosts, namely the fields ip^, \^^, A^*, C,^^ 
appearing in table 1. Such variations (or some particular projections of these vari- 
ations) will define the instantons of our theory. As anticipated, we are looking 
for (0, 0)o component of the supersymmetry ghost c""^. Moreover, to select the 
instanton conditions we set to zero all the fields which have non zero ghost number. 

Let us firstly consider the variation of the right handed gravitino il)"^^. Following 
equation ( |5.2| ) we find that 

^ -1(0, 1/2, 1/2, 0)? (0, 0)r' © (0, l)r^ (5.5) 

As a consequence, in the "extended" ghost-form ip^ = ip^ + c^, the supersymmetry 
ghost c^, which has labels as described in eq. (^?B|), becomes, after the twist: 

c 



-1(0, 1/2, 1/2, 0)^^(0,0)° ©(0,1)°. (5.6) 



To read off the gravitational instanton condition we have just to consider the vari- 
ation of the gravitino along the (0, 0)o component of c^, and to set to zero all the 
non physical fields. 

Actually, we better consider the gravitino with the field redefinition ip^ — > e~?/'^, 
in such a way that, in the curvature definition, only the holomorphic component of 
the Kahler connection appears. Moreover, in presence of gauging, the Kahler and 
the SU{2)i quaternionic connections are extended as in Appendix C, i.e. 



Q = Q + gA^V' 



A 

= uj-'' + gA^Vl\ (5.7) 

It is quite immediate to verify that V% does not give any contribution to the variation 
of ip^ (at ghost number zero), while the only contribution to ijJ~^ come from the 
SO{n) indices, i.e. 

oj-^ = cj-^ + gA'^V-'' (5.8) 

The twist procedure permits the following identification ip°'^ ip"'^, where we 
identify the left handed Lorentz index a with the SU{2)i one A = A. Next, we 
define the following fields (see reference 0): 

= -ea^Ar^'ecA (5.9) 
ij = -er^ecA^i (5.10) 



24 



where a"'' are defined in appendix C [actually here we use the euclidean version of 
the matrices defined in ( |C.1CI| )]. Looking at the curvature definition (|C.171 ) and at 
the rheonomic parametrization (|C.24| ) we find that the only contributions coming 
from the ghost zero sector along the (shifted part) of the supersymmetry ghost are: 

6r' = ^(a;-"'-E/fcD-") (5.11) 

^ u=l 

= ^Qhoi(^) (5.12) 

where the matrices = — |Tr(o^*o"^), u = 1,2,3 = x,y,z can be identified 
(up to a trivial SO (3) rotation) with the anti-selfdual matrices J~°''' introduced in 
( |A.24| , |Ar2^ ). Eq. ( |5.11| ) becomes precisely the first of eq.s (|2.31|) , once expressed in 
terms of the curvatures. 

Moreover, in eq. (|5.12| ), Qhoi is given by 

Qhoi = -^dslCV^aS. (5.13) 

Therefore the instanton condition Sip = corresponds, in the euclidean formalism, 
to the Rey instantons. Indeed 

daS = ^ daD = eabcde''H''^. (5.14) 

Let us go on and consider the instanton condition obtained from the variation 
of the gaugino A*^"^. In this case there is just a term which contribute, namely 

SX^^ = idaS-i^c^ (5.15) 

so that the instanton condition obtained from eq. ( |5.15|) is the same as the one 
obtained from eq. ( |5.12| ). 

Working in a similar way on the antighost A^* and using the formula for the 
metric tensor, for , Y^b and for W2*b, given in appendix C, we find the following 
condition 

Notice that eq. ( |5.16D identify the anti self dual part of the gauge connections 
with the quaternionic momentum map P~ times the square of the effective gauge 
coupling. Indeed by performing the redefinition A"' — > ^A"' we precisely get 



:F--'^' = lglf^J-^'V-.- (5.17) 
with geff. = 
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Finally, the instanton condition arising from the topological variation of the 
hyperini gives the following equations: 








(5.18) 



where is the vielbein defined in eq. ( |A.21| ). Eq.s ( |5.18|) define the so called 
"gauged triholomorphic maps". To rewrite them in the more compact notation 
appearing in eq. ( |2.31| ) we have to define the three almost quaternionic structures 
in Mspace-time and HQ{m), namely 



(5.19) 



Using eq.s ( ^.19|) we can easily rewrite eq.s (|5.18| ) as in eq. (|2.31|) 



6 Dual description of the effective theory of N=2 
heterotic string 

In rigid N=2 supersymmetry, in order to describe the strong coupling regime of a 
non-abelian gauge theory of a group Q it is useful to consider the dual effective 
theory which is also an N=2 gauge theory with the following differences: 

i) The new gauge group 7i = U{lY is abelian. 

ii) The self-interaction of the abelian gauge multiplets is encoded in a non flat 
special geometry possessing a discrete group of duality symmetries. 

iii) In addition to the gauge multiplet the dual theory contains a certain number 
of hypermultiplets that represent the monopoles of the original theory. This means 
that TC is actually the dual of the maximal torus TC C Q of the original gauge group. 

When the rigid Yang-Mills theory is embedded in a supersymmetric theory 
arising as a low energy limit of heterotic superstring, it is natural to associate to it 
a Calabi-Yau threefold |^ and a dual theory, which is a type II string theory 



|56| , p7| , |58[] compactified on that particular manifold. If we consider in this dual frame 
eq.s ( |2.31|) we see that the existence of a non-trivial monopole background of a f/(l) 
field requires, in order to be consistent with N=2 Susy, the existence of background 
hypermultiplets that are charged with respect to the Ramond-Ramond U{1) gauge 
fields. Since these hypermultiplets carry a Ramond charge they must appear as 
solitonic excitations of a type II string propagating on the CY. manifold. Evidence 
for the existence of such states has been given recently in by studying the 



behaviour of the periods around the vanishing cycles of the Calabi-Yau manifold. 

Acknowledgments: We thank D. Anselmi, M. Bianchi, F. Fucito and G. Rossi 
for useful discussions. 
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Appendix A: Structure and parametrization of the 
HQ[m) quaternionic manifolds 

It is possible to describe the 50(4, m) /SO (4) x SO{m) manifold as a "quater- 
nionic quotient" of the (quaternionic) projective plane IHP^*^'"'''^'' with respect to 
an SU (2) action. Such a description allows an explicit parametrization of the man- 
ifold in terms of a set of quaternionic coordinates. In the following we give such a 
parametrization together with some properties of quaternionic manifolds. We have 



no claim to mathematical completeness, and we refer the reader to [^] for more 
details on the subject 

First of all, we realize the quaternionic units e^i x = 1,2,3, satisfying the 
quaternionic algebra 

^x^j/ ^xy ~l~ ^xyz^z (■^■-^) 

by means of 2 x 2 matrices, setting Cx = —icx- By we denote the standard Pauli 
matrices. The are imaginary units since = = —Cx- It will be convenient 
to treat also the unit matrix on the same footing, setting cq = 1 and thus having 
{ca} = {1, — icTa;}, o = 0,1,2,3. Then it is immediate to write the one-to-one 
correspondence between points {a;"} in IR"^ and quaternions q by setting 

„ I u iv \ „ f u —iv \ / * 

^ = ^^»=(i. II j' ^ = -^"=(-i. u ) ^^-2) 

where u = x^—ix^ and v = — (x^+ix^). The quaternionic projective space HP'^'-™''''^-* 
can be described by the set of quaternions {q^}, / = 0, 1, . . . m + 3 satisfying 

q^q^rjiJ = 1 where r]ij = diag(l, 1, 1, 1, -1, -1, . . .) 

(A.3) 

{q^} ~ {q^ u} with uu = 1 

In eq. ([A.3|) the unit quaternion u is, in our 2x2 realization, a SU(2) matrix. 

The above description is the analogue of the usual description of a CP^ space, 
where the role of the SU(2) element u is played by a phase, i.e. an element of U(l). 
Notice, however that the quaternionic product is non-commutative and the choice 
of I' acting from the right in eq. ( |A.3| ) is relevant. 

The fundamental quaternionic one-form gauging this right SU(2) action is 



q'dqi. (A.4) 



The index are contracted with rjjj; the choice of the notation w for the SU{2) 
connection will be clear in the sequel. Its curvature, defined as fl' = da;" — a;" A a;", 
is 

n~ = dq^ A dqj - q^dqj A g'^dgj. (A. 5) 
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It is immediate to verify that f2 is covariantly closed. This 2-form is the quater- 

3 

nionic analogue of the Kahler form of CP"^. Indeed, writing = ^ ^ fi" "^e^, we 

x=l 

have that ^ is the Kahler form, the metric being 

ds^l = dg^ (g) dqi - q^dqi (g) q-^dqj (A. 6) 

Consider now the left action of an SU{2) on IHP^*-™''*'^'' : q^ fiq^ , with Jlfi = 1. 
The infinitesimal action is 

Sxq^ = e,q^ (A.7) 

Such transformations leave the metric invariant, and they leave the quaternionic 
structure invariant up to a gauge transformation. This property can be reexpressed 
as 

= — VP", where (xq^e^qi (A. 8) 



where i^; denote the contraction along the killing vector in the x direction, k^,. = 

The quaternionic functions "P^ are the quaternionic momentum map functions 
for the left SU(2) action. They are the key ingredient needed to perform the quater- 
nionic reduction of HP'*^™'*'^'* with respect to this action. The quaternionic reduc- 
tion procedure consists in the following two steps. 

1. Restriction to the null level set of the momentum map, 

n(^.-)"'(0)- (A.9) 

X 

The dimension of the level set surface is dimlHP'^*^™^'^^ — 3 x 3 as for every 
quaternion V~ x = 1,2,3 three real conditions are imposed. The level set 
surface can be shown to be invariant with respect to the action of the group 
for which V~ are the momentum map functions. 

2. Quotient of the level-set surface eq. ( |A.9|) with respect to the action of the 
group itself (in this case the left action of SU(2), eq. ( |A.7| ) ). 

The dimension of the resulting quotient manifold, which is usually denoted as 
]ii]P^(^+-i)//SU{2), is the dimension of the level set minus the dimension of SU(2), 
that is 

dimHP^(™+^V/5f/(2) = dimHP^(™+3) - 3 x 3 - 3 = 4m; (A. 10) 

By the general properties of the quaternionic reduction, the quotient manifold 
is quaternionic, when it is equipped with the quaternionic structure obtained by 
restricting that of HP"^'-™'"^^-' to the level set (eq. ( |A.9| )) and projecting it to 
the quotient. The quaternionic quotient construction implies that we can de- 
scribe HP^*-™'*''^''/ /SU{2) by parametrizing a set of 4(m + 4) quaternions g^, I = 
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0, . . . , m + 3 in terms of 4m independent real variables, so that the following equa- 
tions holds: 

^ (A.ll) 



q^e^qi = Vx = l,2,3 



The first equation comes from the definition of the HP'^*-™'''^-' space, (eq. ( |A.3| )), the 
other equations define the level set of the V~ functions. We need to fix the gauge 
for the left SU(2) acting as — > fiq^ , but we also have to recall that the coordinates 
q^ were defined up to an SU(2) acting on the right: q^ — > q^u, with uu = Jtfi = 1. 
Let us use the following notation: 



Q 



We split the index / = 0, 1, 
choose the quaternions 



V iV U 
, m + 3 into a = 0, 1, 2, 3 and t = 4, 5, 



(A.12) 
,m + 3. We 



u 
itJ* 



w 



u 



to represent the independent 4m real coordinates, 
equations (|A.11|) become 



(A.13) 

In terms of the , the 



U^Ui = 
= 1/2 



V^Vi = 
= 1/2 








(A. 14) 



Notice that for = Q (and with / assuming only m + 2 values ) these equations 
reduce to the equations defining S'0(2, m)/ S0{2) x S'O(m), in terms of the Calabi- 
Visentini coordinates = Y^ , and viceversa. Therefore we expect the solution to 
the complete set of equations to be similar to a pair of Calabi-Visentini systems 
suitably coupled. 

Let us denote hj v? ,u ■ v, . . . the scalar products (SO(m) invariants) u^u'^Sts, 
u^v^6ts, .... A solution to eq.s (|A.14|) is 



U 



where 



Afu{u,v) 



( 1/2(1 + n2) \ 
i/2(l-u2) 

A{u,v) 
—iA{u^ v) 



V 



V 



Nv{u,v) 



J 



( B{u,v) 
+iB{u,v) 
1/2(1 + v^) 
i/2{l-v^) 



\ 



(A.15) 




1 



^[u ■ V — v?u ■ V + v?v'^{u ■ V — v?u ■ v) 



1 



1— |«2?j2|2 



[u ■ V — v'^u ■ V + u^v'^{u ■ V — v'^u ■ v)] 



(A.16) 



and where Muiu, v),J\fv{u, v) are two normalization constant satisfying Nyiu, v) = 
JVuiVjU), which are determined using the second row in the constraints (|A.14|) . 
Notice that the are obtained from the by substituting u v, v u. 
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The quaternionic structure and the metric of HP^^'"'''^'*, eq.s ( [A.4| , |A.5| , [A.6| ) for 



the quotient manifold 'M.W^^"^^^'' / / SU {2) are obtained by substituting the exphcit 
parametrization of eq.s ( |A.15| , |^TT^ ) for the quaternions . For instance, the con- 
nection for the right SU(2) action becomes 

uj~ = q\u, f )dg/(u, v) = '<f{u, v)dq"'{u, v) — q{u, v) ■ dg(u, v) (A. 17) 

• Biquaternionic structure 

From now on we refer to m]P^^'^+^^ / / SU{2) and when we write q^ we mean 
q\u,v). Beside the right SU(2) action pertinent to the definition of HP^*-'""'"^-* , in 
taking the quaternionic quotient we have introduced into the game a left SU(2) ac- 
tion. Both these actions are gauged by a connection 1-form, from which a curvature 
2-form is defined. This pair of curvature 2-forms constitutes a pair of independent 
quaternionic structures on / /SU{2) that correspond to the same metric. 

The metric is left invariant by both SU(2) actions and this restricts the holonomy 
group to SU{2) X SU{2) x SO{m). We name quaternionic manifolds with such a 
reduced holonomy as biquaternionic manifolds. Here we just summarize our result 
for eP^(™+=^V/'5f/(2) 

Connection Curvature Metric 

right SU(2) uj- = q^dqj = dj- - uj- A a;" ds^l = dg^ (g) dg^- 

= dq^ A dqi — q^dqj A q'^dqj —q^dqi ® q'^dqj 



(A.18) 



(A.19) 



left SU(2) u+ = dq% ^]+ = du;+ - cj+ A uj+ 

= dq^ A dqj — dq^qj A dq-^Tjj 

The "gauge" SU(2) groups act as follows: 

right SU(2) left SU(2) 

q^ — > q^u q^ ^q^ 

W —>■ Vuj'v + Vdu UJ' — > uj~ 

ds^ ds^ ds^ — > ds^ 

• The coset space SO{A,m) / SO{A) x SO{m) 
A 5*0(4, m) matrix L^j satisfies 

L^7]L = rj i.e. L\L-^j^r]ij = tjkm (A.20) 

The left- invariant 1-form u = L~^dL satisfies the Maurer-Cartan equation du + u /\ 
u = 0, that encodes the structure constants of the algebra. Let now L be an element 
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of the quotient S'0(4,m)/S'0(4) x SO{m), then the 1-form u can be interpreted in 
the following way 



,ab 



u so (4) connection 



u = \ ^a St ] { u"-^ Vielbein on the coset (A.21) 



u u 



u^^ SO(m) connection. 



Moreover the Maurer-Cartan equation can be accordingly splitted in three equa- 
tions: 

dw"* + u"'^ A ■u''* - A m"* = Torsion equation 
du"^ + m"^ a u^'' = -u^' A u^' S0(4) curvature (A.22) 
d-u*'^ — M*^ A = m"* a u^'^ = SO(m) curvature 

The above equations describe the geometry of the coset space so^(^xSo\m) terms 
of coset representatives. Notice that the vielbein m"* = ufdq^ explicitly carries a 
vector index a = 0, 1,2,3 of S0(4) and an index t in the vector representation of 
SO(m), which means that the holonomy group is 5*0(4) x SO{m). 

•Identification of / / SU {2) with SO{A,m) / SO{A) x SO{m) 

In the above notation the identification is provided by the position 

= \L'aea. (A.23) 



With this position, one can easily check that the constraints eq. ( |A.11| ) turn into 
the orthogonality condition L\L\rjjj = 6ab- 



In eq. ( A.23| ) we have converted SO (4) vectors into quaternions, that is object 



transforming in the fundamental of SU(2)xSU(2), by contracting them with the 
imaginary units {cq}. To show the equivalence at the level of the connections 
and curvatures we must convert the adjoint indices of SO (4) into adjoint indices 
of SU(2)xSU(2). This conversion is realized by two set of 4 x 4 antisymmetric 
matrices {J'^''},{J' "^y, x = 1,2,3, satisfying (eoi23 = 1) 

J J 5xy ~\~ (^xyzJ 

7± a: J± X 

•^ab — ^^^abcd^cd 

[J±-,JT.] = Vx,i/. (A.24) 

They can be expressed in terms of the quaternionic units by the following key 
relation: 

r J„V = l/2Tr(e,e,eD 

1 J„V = -l/2Tr(e„e^e,) ^^-"'^ 



The identification between the S0(4) connection ^""^ of 5*0(4, m) /SO (4) x SO{m) 
and the SU(2)xSU(2) connections goes as follows. Set 

u;^ = ^u;^^el (A.26) 
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Then 



^,(3,^> / J+ ab +x I J— ab x\ 



UJ 



UJ 



+ X 1 7+ X ab 



2 '^ab 



1 7- x^.ab 
2'^ab " 



(A.27) 



This can be checked substituting into the exphcit expressions ( [A .181) of uj^ the 
identification (|A.23|) of the quaternions . 

At the level of curvatures we analogously set 



(A.28) 



and, recalling that by eq. ( |A.22| ) the S0(4) curvature is —u°''^ A m , we have 



as A bs 

U Au 



1 



. (A.29) 



Note that upon use of the definitions ( |A.26| , [AT2^ ) the curvature definition 
dj"^ — uj^ Auj^ is rewritten as ^2=*= = da;* + ^exyz^^^ Auj^\ 



Appendix B: A note on Q— symmetry 

In order to redefine the Lorentz group for the twist, we have to write the quaternionic 
vielbein as a doublet under both the SU{2)j and SU{2)q groups, and as a vector 
under SO{m). The group SU{2)q for the classical manifolds is the normaliser of 
SO{m) in the Sp{2m) subgroup of the Hol^QJ^^rn)- Now, in those quantum cases, 
where the hypermultiplet metric receives corrections (type II string, for instance) it 
suffices that only a discrete subgroup of SU (2)q survives, namely it is not necessary 
for the vierbein to be a doublet under a full SU{2)q group. It is sufficient that it 
is a doublet under the isometrics generated by a Kleinian finite group Gq, whose 
normalizer in the holonomy group should be SO{m). We name such group the 
Q-symmetry group. An interesting example is provided by the case where for 
Gq we take the binary extension of the dihedral group In this example the 
vielbein is acted on by a second set of quaternionic structures (such as the J+ 
we have defined for the classical case) acting on the index A in the fundamental 
representation of SU{2). This means that the Q-symmetry group is composed of 
eight elements, namely the second set of quaternionic structures , Jy , , their 
opposite —J^,—Jy,—J^ and the two matrices ±1. This, however, is just one 
possibility. In the same way as any cyclic group 2p can emerge as R-symmetry 
group of the quantum special manifold, in the same way any Kleinian subgroup of 
SU{2) can emerge as Q-symmetry of the quantum quaternionic manifold. 
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Appendix C: Rheonomic parametrizations of N=2 
matter coupled supergravity 

In this appendix we write the full set of rheonomic parametrization for the matter 
coupled N=2 supergravity pertaining the examples studied in this paper. These are 
essential ingredients while studying the topological variation of the fields, and we 
include them for completeness. Here we limit our exposition only to the essential 
points and to the formulae that are needed in the present paper. For a detailed 



treatment on this subject we refer to [^. To write the set of curvature definitions 



and rheonomic parametrization we need to recall a procedure named in "gauging 
of the composite connection". On the scalar manifold ST{n) x HQ{m) we can 
introduce several connection 1-forms related to different bundles. In particular we 
have the standard Levi-Civita connection and the SU{2) x f/(l) connection {uj^ , Q), 
as defined in ( |A.5|) and ( p.l6|) . Gauging the corresponding supergravity theory is 



done by gauging these composite connections in the underlying a-model. For a 
Kahler manifold, if we call the scalar fields^ and the Killing vectors, we 

have to replace the ordinary differential by the covariant ones: 

dz' Vz' = dz' + gA^ki^{z) (C.l) 

together with their complex conjugate. In eq. ( |(J.1| ) is the gauge one form 
(A = 0, S", a in our case). At the same time the Levi-Civita connection = T^^j^dz^ 
is replaced by: 

V)^V)^V),yz' + gA%k\ (C.2) 

so that the curvature two form become (as in the previous equations we omit the 
obvious complex conjugate expression) 

R'. = Ri^iVz^ A Vz' + gT^djk\ (C.3) 

where JF is the field strength associated with A^. In a fully analogous way we can 
gauge the Sp{2m) connection of the quaternionic scalar manifold, but we will now 
focus our attention on the SU(2) x f/(l) connection. In this case the existence of 
the Killing vector prepotentials V^, V]^^ {x = 1, 2, 3) permits the following covariant 
definitions: 

Q ^ Q=Q + gA''Vl 
UJ-"" Q-'' = UJ-'' + gA^VX"" (C.4) 

where V][^ is given in eq. (|A.8| ) and is defined by the relation 

^a/C = -dVl (C.5) 

^For the manifolds ST{n) considered in the present paper we have z' = {2*^,2"} = SjY", 
a = 1, . . .n 
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In computing the associated gauged curvatures we get: 



fi- = n-j]S/q^ ^S/q^ + gT^Vl'^ (C.6) 

where 

Wq' = dq' + gA'^ki{q) (C.7) 

fc^(g) being the quaternionic KiUing vectors. We are now able to write down the 
full set of curvature definitions and rheonomic parametrizations of the N=2 matter 
coupled supergravity. We start with the hypermultiplets in the ungauged case. In 
the notation appearing in table 1 we have the positive and negative chirality hyperini 
C^*, C^. For the ungauged case we can write the following curvature definition for 
the right handed hyperino (a similar one holds for the other): 



In the above equation A^*^* is the Sp{2m) connection. Indeed in our example the 
symplectic index a is splitted into an index A of SU (2)q times an index t of SO{m). 
The raising and lowering of the symplectic indices is realized by 



Moreover in eq. 



Cal3 = CAt,Bs - ^'BA^st- (C.9) 



7.= ib..7d=(^;"' (CIO) 



where we choose (in Minkowskian notation) 



7" 



a" 
a"- 



^-aya ^ e"^e-/5(a'^)_ (C.ll) 



with (T° = diag(— 1, —1). The superspace parametrization of the quaternionic viel- 



bein u\ * is given by 



A 

^-A * = <-A 'y"" + e^'^i^sC^BA + ?^C^ (C.12) 



Eq. ( |U.12| ) just fixes the supersymmetry transformation law of the quaternionic 



coordinate q^ . The rheonomic parametrization VC^* compatible with the Bianchi 
identity coming from eq. ( |(J.8| ) is the following one: 

VC^* = ^aCV^ + ^^7>^eABe^5st (C.13) 
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For the gauged case we have just to replace the V derivative appearing in ( |C.8| ) 



which is covariant with respect to the spin, Kahler and Sp{2m) connection with a 
derivative V, covariant also with respect to the gauge connection. This substitution 
implies the following change in the rheonomic parametrization: 

VC^* = VCl^ + 2guf^'e^kiiq)L^i;A (C.14) 
The ungauged curvature definition of the gravitational sector are: 

j^a ^ W''-#^A7>^ (C.15) 

PA = dijA-^JabUj''^ Ai^A + ^QAi^A-Uj/ AijB=VijA (C.16) 

= -^'jabUJ^^ A^^ -^QA^"^ + uj^aA^^ = V^'^ (C.17) 

R^b ^ du^^ -oj^^Au}"^ (C.18) 

where = l/2i{ax) a^~^ ^^^d uj\ = e^^ojj^ euB- For the vector multiplet we 
define, together with the differentials dz"^, d'z^* ("curvatures" of 2;*, ^**), the following 
superspace field strengths: 

VA*^ = rfA'^-^7a6Cj"*A*^-^QA*^ + r,.A^'^ + cj^BAA'^ (C.19) 
4 2 



= dA^ + L^'^^A^Be"^^ + 1^^"" A^^tAB (C.21) 



VA^^ ^ dy^--j,,u;^'^; + -Q^^;+r'^,X^-u;/ AX^; (C.20) 



where is the Levi-Civita connection and = e'^X^. 

The complete parametrizations of the curvatures, consistent with Bianchi iden- 
tities following from eq.s (|C.15|) -( |C.21|) , are given by 



R" = (C.22) 



1 

4 

^A 



+ (e^BT+)7V} AV^- -e^^e^^CxTafcClTV'^" (C.23) 



= P^atV Av" + {{A-;;vat + Arr>B 

+ (e^'^T-jTVi.} AV^- ^e^^e^f\,C'^' tVb^" (C.24) 
+ ie^^i^^AtPsT^"^ -ieAB^^^ AtP^T-"'' (C.25) 



= F>»Ar'' + (z/^X 7>VB + ^/^A:47>Be^'')AK (C.26) 
VY^ = VaA^^y'^ + iZ;7>^ + G+feWse^^ + ^^'^^^B (C.27) 
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where 



VA^ = V,A^\/'^ + ^z:7>A + G:r7"Wij + >^W (C.28) 
dz' = ZIV + X (C.29) 
dz'' = Z*V" + r^^^ (C.30) 



AAif = —gMXAlaX'^'-S^XalaX''') (C.31) 



^jn, J.\ Vl ' 2 ^ ' 4 



Sab = S =Q (C.33) 
ef^ = 27[>5' + ; ^ = 27V^"'^ + 7^'''^ (C.34) 

= 2iImArAsI^(J-„V + ^V..7;.A^7a.Ai;e^^-^e^CWi^^) (C.35) 



= -/V/lmArrA(^,t + ^V.*/^,A:;7a.Ai;6^^-ie^^Crya.C|^' 



(C.36) 



Y^^^ = g^^*C,,,.,.-tcX';e^^e^^ (C.37) 
FXs = f^C^Mt'^X'^'eAceBD (C.38) 



' Hjki aiia 

turn out to be constrained by consistency of the Bianchi identities as it follows 



The special geometry gadgets L^, L , //^, and the tensors Cijk, and Ci*j*k* 



Vi*L^ = ViL^ = (C.39) 
//^ = V.L^ f^.=V,.L^ (C.40) 

V£*C,,fe = VeCi,j*k' = (C.41) 
'^[eCi]jk = 'V[e*Ci*]j*k* = (C.42) 
i9''yt*Q,k = V,ft (C.43) 

We do not report the explicit calculation to prove the above equations, but we stress 
that they are fully determined by the Bianchi identities of N=2 supergravity. The 
solution for Cijk can be expressed by (| 



C,,u = 2iImWAE ft^jft (C.44) 
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In the gauged case we have firstly to replace in the curvature definitions V with 
V, namely the derivative covariant with respect to the gauge field. Secondly, the 
new parametrization will contain extra terms with respect to the old ones which are 
proportional to the gauge coupling constant g. In particular the new parametriza- 
tion are: 





= 


(C.45) 


Pa 




(C.46) 






(C.47) 




= (old) Y'i^BgS^'' - A r'^^'^gSAB 


(C.48) 




{old) 


(C.49) 






(C.50) 






(C.51) 






(C.52) 



together with equation ( |C8| ) for the hyperinos. In eq. ( |C.52| ) Sab and the corre- 
sponding conjugated expression is given by: 

Sab = U{a^)^eBcVlL'' 

S^^ = U{a.)S^e^^VlL' (C.53) 

while W^^^ is given by the sum of a symmetric part plus an antisymmetric one, 
where 

WrlAB] ^ ,ABf^^J^X 

= -z(a.)J^e^^p-^^^-7^ (C.54) 
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